For the asymptotic string solution in AdS 3 which is represented by the AdS 3 Poincare coordinates and yields the planar multi-gluon scattering amplitude at strong coupling in arXiv:0904.0663, we express it by the AdS 4 Poincare coordinates and demonstrate that the hexagonal and octagonal Wilson loops surrounding the string surfaces take closed contours consisting of null vectors in R 1,2 owing to the relations of Stokes matrices. For the tetragonal Wilson loop we construct a string solution characterized by two parameters by solving the auxiliary linear problems and demanding a reality condition, and analyze the asymptotic behavior of the solution in R 1,2 . The freedoms of two parameters are related with some conformal SO(2,4) transformations.
Introduction
The AdS/CFT correspondence has more and more revealed the deep relations between the N = 4 super Yang-Mills (SYM) theory and the string theory in AdS 5 × S 5 , where classical string solutions play an important role [1, 2, 3] . Alday and Maldacena [4] have evaluated the planar four-gluon scattering amplitude at strong coupling in the N = 4 SYM theory by computing the four-cusp Wilson loop composed of four lightlike gluon momenta from a certain open string solution in AdS space whose worldsheet surface is related by a conformal SO (2, 4) transformation to the one-cusp Wilson loop surface found in [5] . The dimensionally regularized four-gluon amplitude at strong coupling agrees with the BDS conjectured form regarding the all-loop iterative structure and the IR divergence of the perturbative gluon amplitude [6] .
Inspired by this investigation there have been a lot of works about the string theory computations of the gluon amplitudes and the constructions of open string solutions in AdS with null boundaries [7, 8, 9, 10, 11, 12, 13] .
On the other hand based on the perturbative approach in the SYM theory various studies have been made about duality between the planar gluon amplitudes [14] and the null Wilson loops where both have the same (dual) conformal symmetry, and the anomalous conformal Ward identity which constrains the Wilson loops [15] .
Using the Pohlmeyer reduction [16, 17] several string solutions in AdS have been constructed from the soliton solutions in the generalized Sinh-Gordon model [10, 18] . Within the Pohlmeyer reduction the string configurations with the timelike and spacelike minimal surfaces in AdS [19] and the closed strings in SL (2,R) [20] have been studied.
Recently the multi-gluon scattering amplitudes at strong coupling have been investigated [21] , where the asymptotic form of string configuration in AdS 3 is constructed in the complex worldsheet z plane by using the Pohlmeyer reduction and solving approximately the auxiliary left and right linear problems in large z involving a single field α which obeys a generalized Sinh-Gordon equation. Through the Stokes phenomenon as z → ∞ which is expressed by the Stokes matrices, the various cusps for the Wilson loop appear in the various angular sectors of the z plane. The problem to compute the minimal area for the octagonal Wilson loop is reduced to the study of SU(2) Hitchin equations [22] . The octagonal gluon amplitude has been computed by using the asymptotic form of the solution in large z and the remainder function has been constructed to be expressed in terms of the spacetime cross ratios.
Starting with the genus one finite-gap form for the string solution in AdS, a classification of the allowed solutions has been performed by solving the reality and Virasoro conditions [23] , where there is a construction of a class of solutions with six null boundaries, among which two pairs are collinear.
The asymptotic string solution for the multi-gluon amplitude in ref. [21] is represented by the AdS 3 Poincare coordinates (r, x + , x − ), where a polygonal Wison loop is going around the cylinder that is identified with the two dimensional space R 1,1 , namely, the (x + , x − ) space. We will regard this string configuration as living in AdS 3 subspace of AdS 4 and express it in terms of the AdS 4 Poincare coordinates (r,x 0 ,x 1 ,x 2 ) and see how the hexagonal and octagonal Wilson loops at the AdS 4 boundary are constructed by connecting a sequence of null vectors in a closed form in the three dimensional space R 1,2 , the (x 0 ,x 1 ,x 2 ) space.
We will demonstrate that in this loop formation the parameters of Stokes matrices play an important role. For the four-gluon amplitude case specified by α = 0 we will construct a general string solution by combining two linearly independent solutions with arbitrary two coefficients in the left and right linear problems respectively. The reality and normalization conditions for the general solutions constrain the left and right coefficients to be characterized by two parameters. We will examine how the freedoms expressed by two parameters are related with some conformal SO (2, 4) transformations. We will demonstrate that the string configuration determined from the solutions of the linear problems indeed satisfies the string equations of motion and the Virasoro constraints in the embedding coordinates (Y −1 , Y 0 , Y 1 , Y 2 ) as well as the AdS 3 global coordinates (t, ρ, φ). Using only the asymptotic form of the exact general string solution we will extract the figure of a generic tetragonal Wilson loop composed of four null vectors in R 1,2 .
Asymptotic string solutions for the hexagonal and octagonal Wilson loops
We consider the approximate string solution with Euclidean worldsheet in AdS 3 which gives the multi-gluon amplitude in planar N = 4 SYM theory at strong coupling [21] . Through a Pohlmeyer type reduction, the problem of string moving AdS 3 whose worldsheet is paramerized by complex coordinates z,z is transformed to the auxiliary linear problem involving a single field α(z,z) and a holomorphic polynomial p(z) whose degree n − 2 determines the number of the cusps of Wilson loop to be 2n. The field α(z,z) satisfies a generalized Sinh-Gordon equation
α ,
For the connections B L,R the auxiliary left and right linear problems are given by
whose two linearly independent solutions ψ L α,a , a = 1, 2 and ψ Ṙ α,ȧ ,ȧ = 1, 2 are normalized as
These left and right solutions lead to the spacetime configuration of the string surface which is expressed as
where the embedding coordinates Y µ describe the AdS 3 space by −Y
Introducing the complex coordinates w andw by dw = p(z)dz, dw = p(z)dz the generalized Sinh-Gordon equation (1) is simplified to be
The left and right linear problems (3) are also expressed by complex variables w,w and the approximate left and right solutions for large w yield the following string solution
where
The expression (7) shows the asymptotic solution such that in each quadrant of the w plane only one of these terms dominates and characterizes the spacetime string configuration near each cusp. Owing to the Stokes phenomenon the coefficients in (7) in the five Stokes sectors for the left problem are specified as [21] [12] : c (9) where γ 
The coefficients of the asymptotic solution for the right problem are also expressed by the right Stokes parameter γ R i and the corrseponding quantities with tildesb ṙ a which also satisfỹ
Using the minimal surface string solution in AdS 3 (7) together with (9) we describe the AdS 3 subspace of AdS 4 in terms of the AdS 4 embedding coordinates with Y 3 = 0 and express the AdS 4 embedding of the surface as
We consider the spacetime feature of the string configuration in the AdS 4 Poincare coordinates (r,x 0 ,x 1 ,x 2 ). In the first quadrant at Rew > 0, Imw > 0 which belongs to [12] Stokes sector for the left problem and [01] Stokes sector for the right problem where c R,+
[01],ȧ =b + a , the first term in (7) dominates so that we combine (5) with (7) and (9) to obtain
The asymptotic solution in the first cusp labelled by (1,1) is expressed as
with
For large u the string approaches the boundary of AdS 4 specified byr = 0. In the second quadrant at Rew < 0, Imw > 0 which belongs to both [12] Stokes sectors for the left and right problems the third term in (7) becomes a big term so that the asymptotic solution in the second cusp labelled by (2,1) is given by
In the third quadrant at Rew < 0, Imw < 0 which belongs to [23] Stokes sector for the left problem and [12] Stokes sector for the right problem the second term in (7) dominates and the string near the third (2,2) cusp is specified by
In the fourth quadrant at Rew > 0, Imw < 0 which belongs to both [23] Stokes sectors for the left and right problems the fourth term in (7) dominates and the string near the fourth (3, 2) cusp is specified by
Succeedingly the solutions in the fifth (3, 3) cusp, the sixth (4,3) cusp, the seventh (4,4) cusp and the eighth (5,4) cusp are respectively described in order as , 6, 7, 8 (19) where
. (20) From these expressions we can confirm that the vectorsx
where the normalization conditions of the parameters b r a andb ṙ a in (10) and (11) are used. Here for the hexagonal Wilson loop with six cusps to be constructed in a closed form at the AdS 4 boundary we requirex 
In ref. [21] by analyzing the behavior of the approximate left and right solutions when we go around once in the z plane ( or n/2 times in the w plane ), the following relations for the Stokes matrices for both left and right problems are presented
n even (23) with the Pauli matrices σ i , where
and the shift parameters w s ,w s are related with the spacetime cross ratios. For the hexagonal Wilson loop case we express the first relation in (23) with n = 3 as
whose diagonal components directly yield (22) . Alternatively this observation implies that the segment between the first cusp and the sixth cusp is described by a lightlike vector. In order to consider the n = 4 case, that is, the octagonal Wilson loop case we write down the solution in the nineth (5, 5) cusp as the forms of (19) and (20) for k = 9 with f 9 = e u and
For the eight-cusp Wilson loop to be of a closed form we requirex 9 µ =x 1 µ which leads to the constraints for the Stokes parameters
The second relation in (23) with n = 4 is given by
whose off-diagonal components directly yield (27). For the hexagonal Wilson loop case in the projected (x 1 ,x 2 ) plane the square of the position vectorx
2 ) for the first cusp is larger than unity
where two vectors b L and b R are defined by b L = (b
. In similar expressions including an inner product of two vectors we see (
. For example the sixth cusp (k = 6) is characterized by
Thus we observe that in the (x 1 ,x 2 ) plane each cusp is located outside the unit circle. An arbitrary point P k (k = 1, 2, · · · , 6) betweenx k andx k+1 defines a vector
withx 7 =x 1 , whose parameter t k is fixed as
by demanding the orthogonal condition P k · (x k −x k+1 ) = 0. Therefore eliminating t k we have
which can be shown to become unity through (10) and (11), so that each point P k is located on the unit circle. Thus we demonstrate that for n = 3 the sides of hexagonal Wilson loop are tangent to the unit circle in the projected (x 1 ,x 2 ) plane. In the (x 0 ,x 1 ,x 2 ) space the time component of the k-th point P k is defined byx Let us examine how the asymptotic solution (7) constructed from the auxiliary linear problems in the w plane satisfies the string equations of motion and the Virasoro constraints
The conformal gauge equations of motion and the Virasoro constraints in the z plane are expressed in terms of the embedding coordinates Y µ as
Here we begin with the asymptotic solutions in the first, second, third and fourth quadrants
where f 1 = e x 2 −y 2 +2xy , f 2 = −e −x 2 +y 2 +2xy , f 3 = e −x 2 +y 2 −2xy , f 4 = e x 2 −y 2 −2xy .
For large w the parameterα becomes zero so that
. This is compared with the four-side Wilson loop case (n = 2) whereα = α = 0 and the w plane is identical to the z plane. The equations of motion for large z
are satisfied by (35) with the four kinds of functions f k (x, y) in (36). The Virasoro constraints also hold owing to the relations ( (14), (15), (16) and (17) . For the other quadrant each dominant solution in (7) for large z satisfies the equations of motion and the Virasoro constraints through the same relations , 6, 7, 8 which are obeyed by the expressions in (20) . These relations are attributed to the expression that the coefficient of the dominant term for each quadrant in (7) is given in a product form as c 
Asymptotic behaviors of the general string solutions for the tetragonal Wilson loop
We consider the four-side Wilson loop in the z plane which is specified byα = α = 0, p = 1. The left linear problem in (3) becomes
The two equations in (38) combine to be ∂ 
whose coefficients are fixed as c 11 = c 22 = 1/ √ 2 through the normalization condition (4). The right linear problem in (3) is also expressed as 
whose coefficients are fixed asc 11 = 1/ √ 2,c 22 = −i/ √ 2 through the normalization condition (4) .
For the left and right problems the general solutions are given by the linear combination of two independent solutions
If we substitute these expressions into the normalization condition (4) for ψ ′ we have
Substitutions of the general solutions (43) into (5) yield
where 
Here if we express the complex variables z,z as z = (σ + iτ )/2,z = (σ − iτ )/2 the string configuration is obtained by
For the γ = 0, β = 0 case the string solution is expressed as
The basic solution specified by γ = 0, β = π/4 is given by
The sign change as σ → −σ for (49) leads to the expression in ref. [4] associated with the square Wison loop with four cusps which is obtained by making a scaling limit of the spinning folded string with Minkowski worldsheet in AdS 3 and changing to Euclidean worldsheet [11] .
On the other hand the γ = β = 0 solution is written by
which is transformed through σ → −σ and a discrete SO (2, 4) interchange Y −1 ↔ Y 0 to the solution [11] which is obtained by making an SO(2) rotation in the (τ, σ) plane for the basic one-cusp solution [5] . Thus we have observed that the linear coefficients d ab for the left problem are parametrized to be associated with the simultaneous SO ( 
to derive the string solutions respectively as
and
The configuration (52) shows only a shift of τ by τ 1 for the basic solution (49). The Virasoro constraints in (34) are given by
and the equation which we get by the replacement of ∂ →∂, which are confirmed to be satisfied by the matrix representation of the general solution (47). Similarly using the matrix representation (47) we obtain ∂Y ν∂ Y ν = 2, that is, α = 0 consistently so that the equations of motion in (34) become
which are simply satisfied by the string configuration (47) and compared with the asymptotic equations of motion (37) for large z associated with the string configuration for the hexagonal Wilson loop case. The embedding coordinates Y µ are related to the standard global coordinates (t, ρ, φ) on
We analayze the general solution (47) in the global coordinates, which is expressed as
with σ ± = σ ± τ . Since there are compact differential expressions derived from (57)
the equations of motion for t and φ from the conformal gauge string Lagrangian given by
are simply satisfied. The other symmetric differential expressions
sinh 2ρ (60) with (58) make the Virasoro constraint T τ σ = 0,
hold through the suitable variables σ ± γ. The other Virasoro constraint T τ τ − T σσ = 0 for the Euclidean worldsheet described by
is also satisfied. The equation of motion for ρ
can be confirmed to be satisfied by using cosh 2 (A ± B) + sinh 2 (A ∓ B) = cosh 2A cosh 2B and the cosh 2τ expression of ∂ σ ρ in (60).
The general string solution (47) is expressed in terms of the AdS 4 Poincare coordinates (12) as
For the basic γ = 0, β = π/4 solution we havẽ
where the eliminations of σ, τ lead tor = (1 −x 2 1 )(1 −x 2 2 ),x 0 =x 1x2 whose expressions directly give the positions of the four cusps for the square Wilson loop. For the γ = β = 0 solution we haver
The eliminations of variables σ + and σ − yield
which provide the locations of two cusps as (x 0 ,x 1 ,x 2 ) = (0, 0, 1), (0, 0, −1) at which two semi infinite lightlike lines intersect transversely (see the first ref. in [12] ).
On the other hand we cannot eliminate the σ + , σ − variables for the general solution (64) but it is possible to extract the cusp positions in the (x 0 ,x 1 ,x 2 ) space by analyzing the asymptotic behavior of (64). The AdS 4 boundary is chracterized byr = 0, which is achieved by taking the four limits as σ + → ±∞ and σ − → ±∞. Defining the variables y i , i = 1, 2, · · · , 6 as
we express the first cusp obtained by taking σ + → ∞ limit asx 
The expression (70) shows the same factorized parametrization as (29) for the hexagonal Wilson loop case. Each cusp is located outside the unit circle and the figure of the tetragonal Wilson loop in the projected (x 1 ,x 2 ) plane is characterized by different values of |x
k+1 ) = 0 is specified by (31) with the parameter t k of (32). Here we express t k as
The square of P k given by (33) becomes unity so that the four sides of the Wison loop are also tangent to the unit circle. The time-component of the k-th point P k in the (x 0 ,x 1 ,x 2 ) space is confirmed to be zero through (72) in the same manner as the hexagonal Wilson loop case.
Conclusion
Based on the asymptotic solution of the string with Euclidean worldsheet in AdS 3 which was constructed by solving the axiliary linear problems approximately associated with the generalized Sinh-Gordon model for the field α in the complex w plane [21] , we have expressed the approximate forms of the string solution near the cusps in the AdS 4 Poincare coordinates to extract the cusp positions in R 1,2 for the hexagonal and octagonal Wilson loops. A sequence of segments for these Wilson loops living in R 1,2 have been confirmed to be described by the null vectors. From these expressions of cusp positions we have observed that the necessary conditions for the hexagonal and octagonal Wilson loops to take closed contours are satisfied by using the relations for the Stokes matrices.
We have demonstrated that the hexagonal Wilson loop is tangent to the unit circle in the projected (x 1 ,x 2 ) space and going alternating up and down in R 1,2 , where successive sign changings of cusp'sx 0 are allowed only for the Wilson loop with an even number of cusps. The asymptotic string configuration derived from the large w asymptotic solutions for the auxiliary linear left and right problems in the w plane has been confirmed to satisfy the string equations of motion and the Virasoro constraints in the z plane.
For the α = 0 case we have solved the auxiliary left and right linear problems in the z plane to construct the general solutions by making linear combinations of two independent solutions with arbitrary coefficients. Owing to the reality and normalization conditions for the general solutions, the coefficients for the left problem are characterized by appropriate comlex values multiplying the trigonometrical functions of variable β, while those for the right problem are expressed by the hyperbolic functions of variable γ. In the embedding coordinates Y µ the former characterization turns out to be two SO (2) We have demonstrated that the string configuration with parameters β and γ derived from the exact solutions of the linear problems satisfies the equations of motion and the Virasoro constraints for the string with Euclidean worldsheet labelled by (z,z) in the embedding coordinates Y µ . Alternatively using the AdS 3 global coordinates (t, ρ, φ) we have confirmed that the β, γ string configuration satisfies the equations of motion and the Virasoro constraints for the string with Euclidean worldsheet labelled by (τ, σ) . The string solution with β = π/4, γ = 0 is related to the square Wilson loop with four cusps and the β = γ = 0 string solution is associated with the four semi infinite Wilson lines with two cusps, where in this demonstration we note that two cusps are located at infinity. In order to capture the figure of the Wison loop surrounding the β, γ string surface we extract the asymptotic solution near each cusp from the exact string solution. The four cusp locations in R 1,2 for the tetragonal Wison loop are determined as functions of β, γ in the same way as the hexagonal and octagonal Wilson loop cases by using only the asymptotic solution. For the β = π/4, γ = 0 string solution and the β = γ = 0 one we have observed that the cusp positions determined from the asymptotic solution indeed agree with those fixed by the exact solution.
